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Abstract: During the process of typhoon forecasting, numerious symmetric positive definite linear systems are needed
to be solved. They are often solved by conjugate gradient method with preconditioning technique. This paper focuses on
the convergence rate analysis of conjugate gradient method. The properties of Chebyshev polynomial and Krylov
subspace are utilized. The effect of the right-hand-side vector are considered. Several convergence rate estimations are
given. Compared with the existing estimation results, the presented results are more exact. This enable us to construct
more efficient preconditioners to forecast typhoon more quickly.
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1 INTRODUCTION

Typhoons often bring inconvenience and even disasters to our daily lives. Thus, typhoon forecasting is crucial,
especially for the coastal areas [1-2]. Typhoon forecasting always involves a large number of symmetric positive
definite (SPD) linear systems. These systems are often solved by the conjugate gradient (CG) method with
preconditioning technique [3-4], which is called preconditioned CG method. The key of preconditioned CG method is
the construction of the preconditioner [5-8]. For constructing efficient preconditioners during the process of typhoon
forecast, the theoretical analysis of CG method is studied in this paper. Consider the following SPD linear system

AX = b, 1)
and solving equation (1) by preconditioned CG method. The base of preconditioned CG method is CG method. The
main results regarding the convergence rate of the CG method are given in the following [9, 10].
Theorem 1. Assume A R™" is SPD, its eigenvalues are A; = A, = = A, > 0. The convergent rate of CG method
for solving problem (1) can be estimated by the following inequality
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where ||X||p = (AX, X)z, Xk, Xo and X represent the kth approximate solution, the initial guess and the exact
solution, respectively.

By theorem 1, the smaller the spectral condition number cond,(A) = A;/A, of coefficient matrix A is, the more fast
the convergence rate of CG method is.

Theorem 2. Assume A R™" is SPD, the CG method for solving problem (1) converges after n iterations at most.

By theorem 2, when the CG method was initially proposed, it was initially regarded as a direct method for solving SPD
linear algebraic equations. Until 1971, Reid pointed out that viewing the CG method as an iterative approach can
effectively solve large-scale sparse SPD linear systems.

Theorem 3. Assume A R™" is SPD and has | distinct eigenvalues, the CG method for solving problem (1) converges
after | iterations at most.

Theorem 3 shows that even if the condition number of coefficient matrix A is large, if the number of its distinct
eigenvalues is small, the CG method will also converge fast. It can be seen that, the above three theorem does not
consider the influence of the right hand side vector b on the convergence rate of the CG method. This paper study the
effect of the right hand side vector b on the convergence rate of the CG method.

2 MAIN RESULTS

Theorem 4. Assume A R™" is SPD, its eigenvalues are A; = A, = =\, > 0. The corresponding orthonormal
eigenvectors are Ug, Uy, , Uy, the right hand side vector b Span{uil, Ui,, , uis}‘ Let the initial guess Xg = 0,
then the convergent rate of CG method for solving problem (1) can be estimated by the following inequality

— X0 = X lla- (©)
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where [|X]|5 = (AX, X) , X and X represent the kth approximate solution and the exact solution, respectively.

X =X |la =2
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Ny =N

Note that \/Tl S = P due to By <X Thus, theorem 4 is an efficient improvement on theorem 1.
\/E*'\/E NEYEVEN Mg An

Theorem 5. Assume A R™" is SPD, its eigenvalues are A; = A, = =\, > 0. The corresponding orthonormal
eigenvectors are U, Uy, , Uy, the right hand side vector b span{uil, Ui, , uis}. Let the initial guess Xq =0,
then the CG method for solving problem (1) converges after S iterations at most.
Note that S < n. Thus, the result of theorem 5 is more precisely than that of theorem 2.
Theorem 6. Assume A R™" is SPD, its eigenvalues are A = A, = =\, > 0. The corresponding orthonormal
eigenvectors are Uq, Uy, , U, the right hand side vector b span{uil, Ui,, , uis}. If Aij, A, A are t distinct
eigenvalues of A (t <s). Let the initial guess Xo = 0, then the CG method for solving problem (1) converges after t
iterations at most.
Note that {Aj, Ai,, , A} is a subset of the set that includes all eigenvalues of A, thus t in theorem 6 is less than | in
theorem 3. Theorem 6 is an efficient improvement on theorem 3.

3 PRELIMINARIES

The CG method can be implemented as follows [9, 10]
Algorithm 1 (CG method)
X s the initial guess, usually selected as zero vector. € is a specified error tolerance

rh=b—Axy; k=0 @
While
g o =€ b 2
k=k+1
ifk=1 ®)
Po=To
else
Br—2 = r-kr—lrk—l/ rl—zrk—z (6)
Pr—1 = N—1 + Br—2Pk-2
end
Ok—1 = Mg—1lk—1/P-1APk-1
Xk = Xk—1 T Og—1Pk-1 7)
Mk = Me—1 — Ok—1APKk—1
end
X = Xk-

It can be seen from the above algorithm, the main computational cost of CG method in one iteration is a matrix- vector
multiplication. Thus, the sparsity of the coefficient matrix can be made full use of in order to reduce the computational
cost. If the coefficient matrix is dense but have special structure, the computational cost may also be reduced.
Lemma 1. [10] The kth approximate solution Xy produced by CG method satisfies

e =% lla =min{lx=x lla: x X+ (A ro, K)}, (®)
where (A, ro, k) = span{ro, Arg, ,Ak_lro}, it is called Krylov subspace.
Lemma 2. [10] Let | denote all real coefficient polynomial with degree not exceeding K, and P, (0) =1.b>a >0,
then the following optimization problem

Mmin max [P, )
has a unqiue solution
. e (b*k-)a—aZ)\)
PA) = ——za (10)
T (52)

where T, (A) is Chebyshev polynomial of degree K, and

. _ _ 1 Vb—a K
gnin, 0 IPU1 = e P9 =y = 2((5) ay
Lemma 3. [10] The vectors r;, pj (0 <i<Kk) produced by CG method satisfy
span{ro, . nJ=span{py, . p}= (A 1o k+1). (12)
Lemma 4. Assume A R™" is SPD, its eigenvalues are A\ =\, = =\, > 0. The corresponding orthonormal

eigenvectors are U, Uy, , U,.y R", the vectory Span{uil, uU;
degree not exceeding K. Then,

uis}‘ Pc(A) is a polynomial of A with

2

IPCAIla < max [Pic (3, ) 1. (13)
Proof: By the known condition, there exist €1,C, ,Cs Rsuchthaty = cqu;; + CoU;, + + CsU;.. Thus,
IPk(AIYIIZ = (APK(A)y. Py(A)y)
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= (APk(A)(C1Ui1 +Colli, + +Cgli ), Pr(A)(cquy, + Couy, + 4 CoUy, )
= (N PNy esui, + + NP esuig PN, Jeaui, + + (A Jequ,
= P2(Ai, ) (N, cauy caug )+ + PE(A) (N Csli,, Gy, )

< max Pk ()\ij)r[()\ilcluil, caui )+ + (A CoUi, CsUi )]
= max Py (?\ij)|2()\i101Ui1 +  +NCsUi, CUj, +  + Cly, (14)
= nax Py ()\ij)|2(A(clui1 + +CoU),Caliy + + sl )
= max|Pi ()| @)
= max [P ()] i

4 THE PROOF OF THE MAIN RESULTS

Proof of theorem 4: Note that the initial guess Xo = 0, we have

ro=b—Ax,=b=Ax. (15)
Thus, X = A rg. By lemma 3, forany X Xq+ (A, ro, k), the following relationship holds true
X —X=X + dkoro + dklAro + + dk k_lAk_lro = (16)

A7 (rg + dgoArg + digA%rg +  + dy 1 ARTg) = AP (A,

where P (A) =1+ }(:1 dyj—1N. Note that ry =b span{uil, Uiy, uis}, thus (17)
Alry  span{ui,. Ui, u;J.
Lemmas 2 and 3 indicate that
Ik =% lla =min{llx=x [la; X %+ (A 15 Kk)}
= prpink”A_lPk(A)ro”A
= PTink”Pk(A)A_erHA
(18)

< min max |P ()\)| A lr
Pe  asi<b k ij ” OIIA

k
) =
Xk_x A.

Similar to the above proof, the following result can be easily obtained
Corollary 1. Assume A R™" is SPD, its eigenvalues are A = A, = =\, >0, the corresponding orthonormal

<2

eigenvectors are Uq, Uy, , Uy. If the initial guess Xq satisfies b — AXg Span{uil, Ui, uis}, then the kth
approximate solution X, produced by CG method for solving problem (1) satisfies
k
Ny =g (19)
Xk =% [la =<2 lIXo = X lla.
TR
Proof of theorem 5: Note that b span{uil, Ui, uis}. Thus, there exist €4,C,, ,Cs R such that 20)

b =cyu;, + U, + + CgUj.
We just need to proof that for any positive integer K, the dimension of Krylov subspace (A, lo, k) = span{rgy

., Arg, ,Ak_ll’o} is not exceeding S. Note that the initial guess Xg = 0, thus
ro =b —Axy = b = cyuj, +CoUj, + +CUj,

Aro = ClAuil + C2AUi2 + + CSAuis = Cl)\iluil + Cz}\izuiz + + CS)\isuis‘ (21)
It can be calculated that for any positive integer K, the following relationship holds true (22)
AIrg = ¢ N tug, + NS tu, + e N My
This shows that the vector group o, Arg, , A“"Iry can be linearly represented by the vector group Uiy, Uiy, Ui
and its rank is not exceeding S. Thus,
dim (A, ro, k) =dim (span{rs, Arp, ,A*r,})<s. (23)
By Lemma 1,
Xe — X |la = min X=X |[a-
=x = min K=y o
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The above equation indicates that the CG method can achieve the exact solution of the linear system AX = b after s
iterations at most.

Simply modify the above proof, the following corollary can be obtained.

Corollary 2. Assume A R™" is SPD, its eigenvalues are A; = A, = =\, >0, the corresponding orthonormal
eigenvectors are Uy, Uy, , Up. If the initial guess Xo satisfies b — Axq span{uil, uU; uis}, then the CG
method for solving problem (1) can achieve the exact solution after S iterations at most.
Proof of theorem 6: Let’s assume A, = A1, A, = A, . A, = A, ie, A, A,
matrix A. At the same time, they are t distinct eigenvalues of A. Thus, we can assume

2

,Aig is the first s eigenvalues of

}\1 = = )‘sll )‘sl+1 = = }\sl+szr l}\sl+ +si—1+1 = = )‘sl+ +St—1+S¢ (25)
S1 S2 St
where S; +S, + + S; =S. The corresponding orthonormal eigenvectors are
U, UspiUgi+ay v Uspasyr v Usg+ g q+1r 1 Usp+ 4 g+ (26)
Note that the initial guess Xg = 0, thus rg = b — AXy = b. By the known condition, we can assume
h =CiUy + + Cslusl + Csl+lusl+1 + + Csl+sz usl+sz + +
Csi+ +smq+iUsi+ +sq+1 T F Csin wsp gy Usp+ sigtse @7
Let
Z; =cUp +  + G5 Ug,,
23 = Cq41Usj11 ¥ F G, Uiy, (28)
Zt = Cspv wsg+iUsi+ +sig+1 F F Copr s gorsg Uspv sgse
Then,
nh=z2,+z2,+ +z, (29)
Arg =MzZy + A r1Zp + F A as 412t
It can be calculated that for any positive integer K, the following relationship holds true
Ay =Nz +NChz + + AT iz (30)
The above equation shows that the vector group ro, Arg, , AIry can be linearly represented by the vector group
71,23, ,Z; and its rank is not exceeding t. Thus,
dim (A, 1o, k) =dim (span{ro, Ary, A1 }) <t G1)

By lemma 1, the CG method can achieve the exact solution of the linear system Ax = b after t iterations at most.
Simply modify the above proof, the following corollary can be obtained.

Corollary 3. Assume A R™" is SPD, its eigenvalues are A; = A, = =\, >0, the corresponding orthonormal
eigenvectors are U, Uy, , U, . If the initial guess X, satisfies b — AXg span{uil, Ui, , uis}, and
Ai Aips A are t distinct eigenvalues of A. Then, the CG method for solving problem (1) can achieve the exact

solution after t iterations at most.
5 CONCLUSIONS

Three efficient improvements on the convergence rate of CG method are presented in this paper. These improvements
consider the effect of the right hand side vector on the convergence rate of the CG method. They can provide directions
for constructing preconditioners during the process of typhoon forecasting and accelerate the process of typhoon
forecasting.
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