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Abstract: The field of planar tiling has captivated mathematicians, artists, and architects for centuries, driven by the
desire to create intricate and harmonious patterns. Recent advancements have focused on developing new methods and
technologies for constructing these patterns, particularly with the advent of advanced manufacturing and computational
tools. This paper introduces a novel approach utilizing planar polyhedral tiles with interlocking elements to construct a
wide range of two-dimensional symmetry structures. Based on the principles of fundamental domains in finite reflection
groups, this technology allows for the creation of complex and aesthetically pleasing patterns. The tiles are designed to
fit together perfectly, forming a dense packing that covers the entire plane without gaps or overlaps. The interlocking
elements ensure stability and enable the creation of structures exhibiting high degrees of symmetry and order. This
innovation has significant implications not only for traditional fields such as architecture and design but also for
materials science and engineering, where it offers new possibilities for creating lightweight, strong composites and
improving surface properties. The potential applications of this technology are vast, promising to revolutionize various
industries and push the boundaries of creativity and functionality.
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1 INTRODUCTION

The field of planar tiling has long been a source of fascination for mathematicians, artists, and architects alike. The
ability to cover a plane with repeating patterns without gaps or overlaps is a fundamental concept in geometry and
symmetry. From ancient mosaic floors to modern Islamic architecture, the desire to create intricate and harmonious
patterns has driven the development of tiling techniques and theories. In recent years, there has been a growing interest
in developing new methods and technologies for creating these patterns, particularly with the advent of advanced
manufacturing techniques and computational tools.

This innovation utilizes planar polyhedral tiles with interlocking elements to construct a wide range of two-dimensional
symmetry structures. These tiles are designed to fit together perfectly, forming a dense packing that covers the entire
plane without gaps or overlaps. The interlocking elements on the faces of the tiles ensure that the tiles remain connected
and stable, even under stress or deformation. This approach allows for the creation of complex and aesthetically
pleasing patterns that exhibit a high degree of symmetry and order.

Technology is based on the principles of fundamental domains in finite reflection groups, which provide a framework
for understanding the symmetries of regular polygons and their corresponding tilings. A finite reflection group is a
group of reflections in a finite-dimensional Euclidean space that generates a crystallographic symmetry. The
fundamental domain of a finite reflection group is a region in the plane that can be mapped onto the entire plane through
the group's symmetries. In the context of planar tiling, the fundamental domain corresponds to the smallest repeating
unit that can be used to construct the entire pattern. For example, the fundamental domain of the square tiling is a square,
which can be used to construct a grid-like pattern that covers the entire plane. Similarly, the fundamental domain of the
hexagonal tiling is a hexagon, which can be used to construct a honeycomb-like pattern that covers the entire plane.

The use of planar polyhedral tiles with interlocking elements allows for the creation of a wide range of two-dimensional
symmetry structures, including all 17 plane periodic patterns, the five Platonic solids, and the thirteen Archimedean
solids. These structures exhibit a high degree of symmetry and aesthetic appeal, making them highly sought after in
fields such as architecture, design, and materials science.

In architecture, the ability to create complex and symmetrical patterns can be used to design visually stunning buildings
and structures. For example, the use of planar polyhedral tiles can be seen in the design of the Alhambra in Spain,
where intricate tile patterns create a sense of harmony and balance. Similarly, the use of these tiles can be seen in
modern architecture, where they are often used to create decorative elements and patterns that add to the aesthetic
appeal of buildings. In design, the ability to create complex and symmetrical patterns can be used to create visually
striking products and artworks. For example, the use of planar polyhedral tiles can be seen in graphic design, where
they are often used to create intricate and detailed patterns that add to the visual appeal of designs. Similarly, the use of
these tiles can be seen in product design, where they are often used to create unique and visually appealing products that
stand out from the competition. In materials science, the ability to create complex and symmetrical patterns can be used
to design new materials with specific properties and structures. For example, the use of planar polyhedral tiles can be
seen in the development of new composite materials, where they are used to create materials with improved strength
and durability. Similarly, the use of these tiles can be seen in the development of new surface coatings, where they are
used to create surfaces with improved wear resistance and corrosion resistance.
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The field of planar tilings is a fascinating and complex area of study that has been of interest to mathematicians, artists,
and architects for centuries. The ability to create complex and symmetrical patterns using planar polyhedral tiles with
interlocking elements represents a significant advancement in this field, offering a wide range of potential applications
in architecture, design, and materials science. Technology is based on the principles of fundamental domains in finite
reflection groups, which provide a framework for understanding the symmetries of regular polygons and their
corresponding tilings.

2 HISTORICAL BACKGROUND AND MATHEMATICAL FUNDATIONS

The study of tiling and tessellation dates to ancient civilizations, with evidence of tile-based artwork found in Egyptian,
Greek, and Roman cultures. In ancient Egypt, for instance, the use of tiles in the construction of temples and palaces
showcased the early application of tiling to create intricate and beautiful patterns that not only added aesthetic value but
also served practical purposes, such as waterproofing and insulation. The Greeks and Romans also utilized tiles
extensively in their architectural designs, with the Romans developing complex mosaic patterns that demonstrated a
high level of craftsmanship and mathematical precision.

However, it was not until the 19th and 20th centuries that mathematicians began to systematically study the theory of
tilings, leading to the discovery of different types of tilings and the development of mathematical models to describe
them [1]. This period marked a significant shift in the approach to tiling, from mere artistic expression to a rigorous
mathematical inquiry. Mathematicians like Augustin-Louis Cauchy and David Hilbert contributed to the formalization
of tiling theory, exploring the conditions under which various shapes could tile the plane and the properties of these
tilings.

Finite reflection groups are a fundamental concept in group theory, used to describe the symmetries of regular polygons
and polyhedra. These groups consist of reflections and rotations that map the group to itself, creating a structured and
predictable pattern of symmetry. The study of finite reflection groups is crucial in understanding the symmetrical
properties of shapes that can tile the plane, as these groups provide a mathematical framework for analyzing the
transformations that preserve the tiling's structure [2]. The fundamental domain of a finite reflection group is a region in
the plane that can be mapped onto the entire plane through the group's symmetries. This concept is essential in tiling
theory as it helps in identifying the smallest repeating unit of a tiling pattern. By understanding the fundamental domain,
mathematicians can predict how a tiling will behave under different transformations, such as rotations or reflections,
and can use this knowledge to create new types of tiling with specific symmetrical properties.

Regular polygons, such as triangles, squares, and hexagons, have the property that all their sides and angles are equal.
These polygons can tile the plane, meaning they can cover the plane without gaps or overlaps [3]. The ability of these
shapes to tile the plane is not only due to their regularity but also to their internal angles, which allow them to fit
together seamlessly. For example, squares tile the plane using four squares meeting at a point, while hexagons tile the
plane using three hexagons meeting at a point. The study of these tilings has led to the discovery of different types of
lattices and the development of mathematical models to describe them. A lattice is a regular arrangement of points in
space, and in the context of tiling, it refers to the arrangement of tiles in a repeating pattern. Mathematicians have
developed various models to describe the properties of these lattices, such as their symmetry groups, dimensions, and
packing densities. These models have applications in various fields, including crystallography, materials science, and
computer graphics.

The study of tiling and tessellation has evolved from ancient artistic expressions to a sophisticated mathematical
discipline. The discovery of different types of tilings and the development of mathematical models to describe them
have expanded our understanding of geometry and symmetry. The principles of finite reflection groups and the concept
of fundamental domains have played a crucial role in this evolution, providing a deeper insight into the symmetrical
properties of tilings and their applications in various fields. The ongoing research in this area continues to reveal new
and exciting discoveries, pushing the boundaries of our knowledge and creativity.

3 METHODOLOGY OF PLANNAR TILES

The first step in the methodology is the design of the planar polyhedral tiles. This phase is crucial as it lays the
foundation for the entire tiling process. The tiles are typically designed using Computer-Aided Design (CAD) software,
which allows for precise control over their shape, size, and orientation. CAD software provides a digital environment
where designers can create, manipulate, and visualize the tiles before they are physically produced. This digital
approach enhances accuracy and efficiency, enabling designers to experiment with various shapes and configurations to
achieve the desired outcome [4].

The tiles are chosen to be able to form all 17 plane periodic patterns, providing a high degree of flexibility and
versatility in creating different symmetry structures. The 17 plane periodic patterns, first classified by mathematician
Evgeny Fedorov, represent all the possible ways to tile the plane with a single shape without gaps or overlaps. By
designing tiles that can form these patterns, the methodology ensures that the resulting tiling structures are
mathematically sound and aesthetically pleasing. Each tile is designed with specific geometry and angles to ensure they
fit together seamlessly, forming a continuous and seamless pattern. These tiles can have simple shapes, such as regular
polygons, or more complex shapes, such as stars or rhombuses, depending on the desired pattern type. The precision in
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calculating the angles and edges is crucial to ensure that the tiles can interlock without any gaps or overlaps. Figure 1
shows the fundamental region with respect to 17 planar symmetry groups.
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Figure 1 Fundamental Region Associated with 17 Planar Symmetry Group

The second step is the creation of the interlocking elements on the edges of the tiles. These elements are designed to fit
together perfectly, ensuring that the tiles remain connected and stable when assembled. The interlocking elements can
be created using various techniques, such as engraving, molding, or 3D printing, depending on the material and desired
finish. These elements can be made from a variety of materials, including plastic, metal, or wood, depending on the
desired properties of the final pattern [5]. The design of the interlocking elements requires careful consideration of the
mechanical properties of the materials and the stresses that the structure will be subjected to. The interlocking elements
must be able to withstand these stresses without deforming or breaking, ensuring the long-term stability of the tiling
structure. Additionally, the interlocking elements should be designed to be easily assembled and disassembled, allowing
for flexibility in the construction process and the ability to adjust or repairs as needed.

The final step is the assembly of the tiles into the desired symmetry structure (see Figure 2). This can be done manually
or using automated assembly machines, depending on the scale and complexity of the pattern. Manual assembly is often
used for smaller and simpler patterns, where precision and attention to detail are paramount. Automated assembly
machines, on the other hand, are used for larger and more complex patterns, where speed and efficiency are critical
factors. The tiles are arranged in a specific pattern, with the interlocking elements fitting together to form a dense
packing that covers the entire plane [6-7]. During the assembly process, it is important to ensure that the tiles are
aligned correctly and that the interlocking elements are fully engaged. This may involve the use of templates, guides, or
other tools to ensure precision and consistency. Additionally, the assembly process should be carried out in a controlled
environment to minimize the risk of errors or damage to the tiles. Once the tiles are assembled into the desired
symmetrical structure, the structure is checked for accuracy and completeness. This involves verifying that the tiles are
properly aligned, that the interlocking elements are fully engaged, and that there are no gaps or overlaps between the
tiles. Any necessary adjustments or corrections are made at this stage to ensure that the final structure meets the desired
specifications.
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Figure 2 The Left is an Interlocking Tile with Respect to the Fundamental Region of Group P4m; The Right is an
Interlocking Tile with Respect to the Fundamental Region of Group Pem

The complete tiling structure can then be used for various applications, depending on the original intent of the design.
For example, the structure could be used as a decorative element in an architectural project, as a functional component
in a product design, or as a research tool in a scientific study. The versatility and flexibility of the methodology allow it
to be applied to a wide range of fields and projects, making it a valuable tool for creators and researchers alike [8-10].
The methodology for creating planar polyhedral tiles involves several key steps, each of which is critical to the success
of the final structure. The design of the tiles using CAD software allows for precision and flexibility, the creation of
interlocking elements ensures stability and strength, and the assembly of the tiles into the desired symmetry structure
completes the process, see an example shown in Figure 3. This methodology not only allows for the creation of
beautiful and complex tiling patterns but also provides a framework for understanding the mathematical principles
underlying these patterns.

4 APPLICATIONS OF PLANNAR INTERLOCKING TILES

The technology described in this paper has significant and far-reaching potential implications for the field of materials
science and engineering [11-12]. The ability to create dense packings of planar polyhedral tiles with interlocking
elements represents a groundbreaking innovation in the design and fabrication of materials. This approach offers a
novel and versatile method for engineering materials with specific properties and structures, opening up new
possibilities in various applications.

One of the most exciting applications of this technology is the creation of lightweight and strong composites. By
carefully designing the planar polyhedral tiles and their interlocking elements, engineers can optimize the distribution of
forces within the composite material. This optimization allows for the reduction of material usage while maintaining or
even enhancing the structural integrity of the final product. For instance, in the aerospace industry, where weight
reduction is critical for fuel efficiency and performance, such composites could revolutionize the design of aircraft
components. These composites can be fabricated using a variety of materials, including polymers, metals, and ceramics.
The choice of material depends on the specific requirements of the application, such as strength, stiffness, durability,
and environmental resistance. For example, polymer-based composites are known for their lightweight and flexibility,
making them ideal for applications in automotive and sports equipment. Metal-based composites, on the other hand,
offer superior strength and wear resistance, which are essential for industrial machinery and construction. The
interlocking elements play a crucial role in the performance of these composites. They ensure that the tiles remain
securely connected, distributing loads evenly across the structure. This even load distribution helps to prevent localized
stress concentrations that can lead to material failure. Additionally, the interlocking mechanism can enhance the fracture
toughness of the composite, making it more resistant to impact and fatigue.

Another important aspect of this technology is its potential to improve the surface properties of materials. The dense
packing of the planar polyhedral tiles can create a smooth and uniform surface finish, which is desirable for many
applications. For instance, in the automotive industry, a smooth surface finish can improve the aerodynamics of a
vehicle, reducing drag and improving fuel efficiency. In the consumer products sector, a flawless surface can enhance
the aesthetic appeal and durability of products. Moreover, technology allows for the creation of surfaces with tailored
texture and friction characteristics. By designing the tiles with specific patterns and interlocking arrangements,
engineers can control the friction behavior of the material. This capability is particularly useful in applications where
grip and traction are important, such as in footwear, tires, and handlebars of bicycles.

In the field of materials engineering, this technology can also be used to develop new types of functional materials. For
example, by incorporating conductive or magnetic materials into tiles, engineers can create composites with embedded
electrical or magnetic properties. Such materials could be used in a wide range of applications, from electronics and
sensors to energy storage and conversion devices. In addition to the above applications, this technology has the potential
to revolutionize the way we design and manufacture complex structures. The use of planar polyhedral tiles and their
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interlocking elements allows for a modular and scalable approach to construction. This approach enables the creation of
intricate and large-scale structures that would be difficult or impossible to achieve using traditional manufacturing
techniques. Furthermore, technology offers opportunities for customization and personalization. Since the tiles can be
designed and arranged in a variety of ways, it is possible to create materials and structures that are tailored to the
specific needs and preferences of individual users. This personalization can extend to the mechanical properties,
aesthetic appearance, and even the environmental impact of the final product.
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The technology described in this paper has profound implications for the field of materials science and engineering. The
ability to create dense packings of planar polyhedral tiles with interlocking elements provides a powerful tool for
designing and fabricating materials with specific properties and structures. This innovation opens up new avenues for
creating lightweight and strong composites, improving surface properties, developing functional materials, and
revolutionizing the design and manufacturing of complex structures. The potential applications of this technology are
vast and varied, spanning across multiple industries and sectors. As research and development in this field continue to
advance, we can expect to see even more exciting and innovative uses of this technology in the future. In the materials
science and engineering community, there is a growing interest in exploring the use of advanced materials to solve
complex problems and meet the demands of modern society. The development of materials with tailored properties and
structures is a key priority, as it enables the creation of more efficient, sustainable, and high-performance products.

This technology contributes to these efforts by providing a new and effective method for designing materials with
specific properties. By carefully controlling the arrangement and interlocking of the tiles, engineers can optimize the
material's performance for a given application. This level of control and precision is difficult to achieve with traditional
manufacturing methods. Moreover, the versatility of this technology allows for the integration of different materials and
properties into a single composite structure. This integration can lead to the creation of materials with novel and unique
characteristics, such as self-healing capabilities, phase change properties, or optical activity. The ability to create
lightweight and strong composites is particularly important for the aerospace and automotive industries. By reducing
the weight of aircraft and vehicles, fuel efficiency can be improved, emissions can be reduced, and performance can be
enhanced. Additionally, the improved surface properties of materials can lead to better corrosion resistance, wear
resistance, and durability, extending the lifespan of products and reducing maintenance costs.

We can expect to see further advancements in this technology, as researchers continue to explore its potential and
develop new applications. This could include the creation of even more complex and sophisticated materials, the
integration of smart materials and sensors, and the use of advanced manufacturing techniques to produce these materials
on a scale. Overall, the technology described in the patent represents a significant breakthrough in the field of materials
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science and engineering. It offers a new and innovative approach to designing and fabricating materials with specific
properties and structures, opening a world of possibilities for creating better products and solving complex problems.

5 TECHNOLOGY ADVANCEMENTS AND FUTURE PROSPECTS

One of the key areas for future development is the advancement of design and fabrication techniques for planar
polyhedral tiles. Currently, the process of creating these tiles involves specific steps for both design and assembly. In
terms of design, computer-aided design (CAD) software plays a crucial role. It allows for precise control over the shape,
size, and orientation of the tiles. However, as the complexity of the desired patterns increases, the limitations of
traditional design methods become more apparent.

Advanced manufacturing technologies such as 3D printing, laser cutting, and CNC machining hold great promise for
revolutionizing the fabrication of planar polyhedral tiles. 3D printing, for example, enables the creation of tiles with
complex internal structures and intricate geometries that would be difficult or impossible to produce using conventional
methods. It can build the tiles layer by layer with high accuracy, allowing for more sophisticated interlocking
mechanisms between tiles. Laser cutting is also highly precise and can be used to create sharp edges and fine details on
the tiles. This is especially useful for creating tiles with unique shapes that contribute to complex overall patterns. CNC
machining offers the advantage of being able to work with a wide range of materials and can produce tiles with high
dimensional accuracy.

The use of these advanced technologies could provide greater precision and control over the final product. With 3D
printing, designers can easily make changes to the tile designs and quickly prototype new ideas. Laser cutting ensures
clean and accurate cuts every time, which is essential for the proper interlocking of the tiles. CNC machining allows for
the mass production of identical tiles with consistent quality. This precision is crucial for creating more complex and
intricate patterns. As technology continues to advance, we can expect to see even more sophisticated tools that will
further push the boundaries of what is possible in terms of tile design and fabrication. Another potential area for future
development is the integration of planar polyhedral tiles with smart materials and systems. Smart materials could
respond to various external stimuli such as temperature, light, or electrical signals. By incorporating these materials into
planar polyhedral tiles, a whole new world of possibilities opens for dynamic and interactive designs.

Imagine tiles that can change color in response to the time of day or the surrounding light levels. This could be used to
create dynamic displays or artworks that adapt to the environment. Tiles that change shape in response to pressure or
touch could enable the creation of interactive surfaces or even smart furniture. For example, a floor made up of such
tiles could sense where people are walking and change its texture or pattern accordingly to provide different sensory
experiences. The integration of smart materials also opens opportunities for creating tiles with self-healing properties. If
a tile is damaged, the smart material could trigger a healing mechanism to repair itself without the need for external
intervention. This would enhance the durability and longevity of the tiling structures. To achieve these integrations,
research needs to focus on developing compatible materials and systems. The interfaces between the planar polyhedral
tiles and the smart materials need to be carefully designed to ensure proper function. Additionally, the control systems
that regulate the behavior of smart tiles also need to be refined to achieve precise and reliable responses.

Finally, there is potential for expanding the technology to 3-dimensional structures. The principles of fundamental
domains in finite reflection groups, which form the basis of the current planar tiling technology, can be extended to
three dimensions. In three dimensions, the possibilities for creating complex and aesthetically pleasing symmetry
structures using polyhedral tiles are immensely increased.

6 CONCLUSION

The development of planar polyhedral tiles with interlocking elements represents a significant advancement in the field
of tiling and tessellation. By leveraging the principles of finite reflection groups and advanced manufacturing
techniques, this technology allows for the creation of complex and symmetrical patterns with unprecedented precision
and control. The ability to construct dense packings of tiles that cover the entire plane without gaps or overlaps opens
up new possibilities for architectural design, graphic and industrial design, and materials science.

In architecture, this technology can be used to create visually stunning and structurally sound buildings and structures.
The intricate and harmonious patterns created by the tiles add a touch of elegance and sophistication to any space, while
the interlocking elements ensure stability and durability. In design, this technology provides a versatile tool for creating
unique and eye-catching products and artworks. The ability to create intricate and detailed patterns and textures adds to
the visual appeal of designs, making them stand out from the competition.

In materials science, this technology offers new possibilities for creating lightweight and strong composites with
specific properties and structures. The interlocking elements between the tiles can be designed to distribute forces
evenly throughout the material, optimizing its strength and durability. Additionally, the dense packing of the tiles can
improve the surface properties of materials, such as wear resistance and corrosion resistance.

Looking ahead, there are several areas for future development. One potential area is the advancement of design and
fabrication techniques, which could further enhance the precision and control over the final product. Another area is the
integration of smart materials and systems, which could enable the creation of dynamic and interactive designs that
respond to external stimuli. Finally, there is potential for expanding the technology to three-dimensional structures,
which could open a whole new realm of design possibilities and push the boundaries of both art and engineering.
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Overall, the technology described in this paper represents a significant breakthrough in the field of tiling and
tessellation. Its potential applications are vast and varied, promising to revolutionize various industries and push the
boundaries of creativity and functionality. As research and development in this field continue to advance, we can expect
to see even more exciting and innovative uses of this technology in the future.
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