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Abstract: Mathematical modeling of the spatial fractional-order FitzHugh-Nagumo equations provides a critical
framework for describing the propagation of electrical potentials in heterogeneous cardiac tissues, a problem that
continues to attract significant research attention. Due to the geometrically irregular cross-sections of cardiac tissue,
numerical solutions on conventional regular or approximately irregular domains remain limited, and analytical solutions
are generally unavailable. In this study, we employ a high-order finite difference method in space coupled with a fourth-
order Runge-Kutta scheme in time to solve this nonlinear fractional-order system. Numerical experiments are conducted
to validate the high-order convergence and computational stability of the proposed numerical approach.
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1 INTRODUCTION

Differential equations can describe phenomena ranging from simple linear growth or decay to complex dynamical
systems, such as fluid flow, heat conduction, population dynamics, and electrical circuits. As fundamental tools for
studying real-world processes, differential equations can be analyzed through analytical methods or numerical
computations to reveal the evolution of systems over time[1]. Hodgkin and Huxley proposed a mathematical model
describing the transmission of neuronal action potentials, which revealed the mechanism of neural signal conduction.
Due to the complexity of the differential equations involved, FitzHugh and Nagumo subsequently proposed a simpler
integer-order FitzHugh-Nagumo (FHN) model. Known for its concise mathematical form and accurate depiction of the
core dynamics of excitable systems, it has become a fundamental model in neuroscience, cardiac electrophysiology,
nonlinear dynamics, and engineering[2].

However, classical integer-order models have limitations in describing the inherent temporal memory dependence and
spatial correlation complexity of biological systems. The introduction of fractional-order FHN models effectively
addresses this issue, significantly enhancing the biophysical realism and adaptability of the models[3,4]. In recent years,
research on fractional-order FHN models has progressed: In 2019, Prakash and Kaur used the homotopy perturbation
transform technique to study fractional-order FHN equations for neural impulse transmission, validating the algorithm's
high-order convergence and errors[5]; In 2021, Wang et al. used the finite difference method to study the fractional-
order FHN monodomain model on moving irregular domains, addressing challenges in cardiac electrophysiological
simulation[6]; In 2025, Kumar and Erturk used generalized Caputo fractional derivatives to construct a fractional-order
modified FHN neuron model, employed the L1 predictor-corrector method for numerical solutions and conducted error
and stability analysis, studying periodic spiking, chaos, and other neuronal electrical activities generated by the

model[7].
This paper studies the following one-dimensional spatial fractional FHN equation with Riesz fractional derivative[4]
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where (x,t) € QX[O,T] , Q= (a,b) , 1<a <2, ¢, pand B are constants, K is the diffusion coefficient. The
one-dimensional Riesz fractional derivative is defined as[8]
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where XDLau and xD:u are Riemann-Liouvillefractional operators, defined respectively as[8]:
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The finite difference method, due to its high approximation accuracy for fractional derivatives and ease of
implementing discrete schemes, has become an important numerical tool for solving spatial fractional differential
equations. For the discretization of the Riesz fractional derivative, Huang et al. proposed a fourth-order accuracy finite
difference scheme, reducing the truncation error of fractional operator discretization and providing a high-order
numerical method for solving high-dimensional fractional reaction-diffusion equations[9]; Han et al. used this method
to handle the Riesz fractional diffusion term, successfully solved the fractional Gray-Scott model, and validated its
applicability in nonlinear systems[10]. The fourth-order explicit Runge-Kutta method, due to its high temporal accuracy
and good stability, is widely used for solving semi-discrete ordinary differential equation systems. In the study of
integer-order FHN equations, Chin used this method for temporal discretization, confirming that the fourth-order
explicit Runge-Kutta method can accurately capture the system's dynamic behavior and has good stability[11]. This
paper will apply the finite difference method combined with the fourth-order explicit Runge-Kutta method to discretize
the one-dimensional spatial fractional FHN equation with Riesz fractional derivative and prove the stability,
convergence, and error analysis of the numerical method.

The content arrangement of this paper is as follows: Section 1 discretizes the one-dimensional Riesz fractional
derivative in the spatial fractional FHN equation using the finite difference method, transforming the original partial
differential equation system into a semi-discrete ordinary differential equation system, then performs temporal
discretization on the ODE system to obtain a fully discrete numerical scheme, and proves the stability and convergence
of the numerical method. Section 2 validates the theoretical analysis results through several numerical experiments;
Section 3 provides a brief conclusion.

Dru(x,t)=

2 NUMERICAL SCHEME AND ITS PROPERTIES
2.1 Numerical Scheme

2.1.1Spatial discretization
This subsection uses finite difference approximation for the fractional Laplacian to obtain a semi-discrete ordinary

differential system. Let the spatial step size s = (b - a) / M , where is a constant. The spatial grid points are defined as
Q,={x|x,=a+ihi=0,1,...,M-1},

denote L*** (R) := { f € L (R) | | (1+ | £ ¥ | £(&)|dE < oo}, f(g)zj * f(x)e*dx , then the numerical

scheme for approximating the Riesz fractional derivative —(—A)a/ uis given by the following lemma.

Lemma 2.1[4,9] Assuming f'(x) € L*"*(R), then
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Let u,=u (xl., t) , V=V (xl. " t) , performing finite difference approximation on equations (1)(2), we obtain
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S u, :hiazl:g,f’ui_k, g5 =(—l)k C(a.k), C(a,k)=a(a-1)(a=2)(a-k+1)/k!.
k=0

Let U= (ugttyy...oty ) .V =(VyV...,Vy,) . equations (4)(5) transform into the following semi-discrete
ordinary differential equation system

d—UZ—Ku5,f’U—U(1—U)(U—u)—V,

dt ©)
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further letQ =[U, V'], F(Q)=[-K,6;U-U(1-U)U - u)=V,&e(BU =V)]", then we have

d
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2.1.2 Temporal Discretization
Next, the fourth-order Runge-Kutta method is used to solve the ordinary differential equation (6). Let the time step size

t=I / N , where N is a constant. Spatial and temporal grid points are formed by QZ =Q PR QT , where
QTZ {l‘n | t,=nt,n= 0,1,..,.N } , applying the fourth-order explicit Runge-Kutta method to equation (7) yields:
k= F(Q"),

k,=F(Q" +2rtk,)),

ky=F(Q" +2tk,), ®)
k= F(Q" +tky),

Qn+1 — Qn + Z(D(Q",T),

where 0" =[U,,V, 1", @(0",7) =1/6(k+ 2k, + 2ky+ k).

2.2 Properties of the Numerical Scheme

2.2.1 Stability
Define

, as the [, norm, the /, norm of Q" is defined as:

= JM_I (@7 +077).

l
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Theorem 2.2[10,12] If (D(Q,T ) satisfies the Lipschitz condition in Q , then this numerical method is stable, i.e.,

there exists a positive constant 7 . /4 independent of C , such that for any time step n0<nc<T) ,
n « OH ]

lo"[.=cle’l,

Proof By the premise of the theorem, @ (Q, T ) satisfies the Lipschitz condition in Q, i.e., there exists a Lipschitz

constant L,=>0, for any two vectors O~ (O, , we have

|@(0.7)-2(0,.7)|, < L, 0, -0,

Let O, =Q", 0, =0 (zero vector), then it can be deduced that
®(0',7)| <Ll 0"l +[@(0.7)],.

however, since at the initial time QO is obtained by discretizing the given initial conditions (x ) NERA (x) , its norm

HQO H is bounded. By Lemma 2.1 and its derivation, 5: is a fourth-order accuracy approximation, and the norm of its

corresponding matrix /, is bounded, i.e., ‘5: U H2 <C,h™* ||U ”2 , C, is a constant only related to « . It is concluded

that the linear term F' (Q) in (containing O, U ) is bounded, and the nonlinear term —U(1-U)U — ) is locally
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bounded within a bounded domain, so Hq) (O, T)Hz can be controlled by a constant independent of 7+ /1, temporarily

denoted here as C, i.e., HCD(Qn ) T)H2 <L, HQn

G-
Taking the /, norm of the fifth equation in the fully discrete scheme (9), by the triangle inequality
n+l1 n n n n
<

o], =le" +w(e.r)] <[], + <o (2" 7)
Substituting the above estimate for ||P (Q" ,T )Hz , we obtain

n+l n n

o, <[e’] + =z o

Next, analyze the evolution trend of the norm through iteration: at initial time n =0, HQOHZ is bounded (denoted as
¢ =l
whenn =1, [Q'| <(1+7L,)C, +7C,;

>

2

+C)=(+7L,)|0"

+
, 7C,,

Whenn =2, HQ2H2 < (l+rLF)HQ1H2 +7C, <(1+7L,) C +7C,(1+(1+7L,));
And so on, for any 7, we have: HQ" H2 <(A+7L.)"C + ‘L'Conz1 (+7L,)",
k=0

! 1+7L.)" -1
using the geometric series sum formula Z(1+TLF)k = % ,(Lp#0,if L, =0 then F(Q) is a

k=0 T F
constant vector, stability obviously holds), substituting yields:

HQ”  <(+7L,)"C, +%[(1+TLF)n —1].
F

By the properties of the exponential function, for any x > 0, positive integer m , have (1+x)" <e™ , here x = L, .
m=n,and nt <T (final time fixed), so (1+7L;)" < e < et (et C, = e’ independent of 7+ /).

C C
Since C, = e’ is always constant, and L—O[(l +7L.)" -1]< L—O(C2 —1) (denoted as C, , independent of 7+ £).
F F

Therefore: HQ"

, S CC +C;.
Let C =max{C,C,+C,,C,} (independent of 7+ /), then for any n exist HQ"H2 <C,and since C, = HQOHZ ,
C can be further adjusted such that HQ" H2 <C HQ()Hz (if HQOH2 =0 then the numerical solution is always zero, if

HQOHZ >0, then C can be taken as max{C2 +C,/C, ,1} ), i.e., the [, norm of the numerical solution vector

remains bounded during the evolution process, hence this numerical method is stable.
2.2.2 Convergence and error analysis

Theorem 2.3 Let the global error be €,= Q(l‘n) — (", combining Lemma 2.1 and equation (8) obtained by the fourth-
order Runge-Kutta method, if is satisfied 7 / h® <1, then there exist positive constants C 45 C5 , (independent of 7
and /1), such that ”en ” <Ch*+Cr".

Proof Let the projection vector of the exact solution u (x, l‘) N v(x, l‘) at grid point Q, be Q(t) =[U®)",V ()",
where U(t),V (¢) are composed of u (xi,l‘) and V(xl., t) respectively.

By Lemma 2.1, the spatial discretization truncation error is O(h'), i.c.

—5;1/[()6) — a_u

—IK K h*,
0l

where K| is a constant, u € A (R) . The exact solution Qh(t ) of the semi-discrete system (8) satisfies
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” Q(t) _Qh(t) ”S Csh4th € [OaT] 5
where C, >0 is a constant independent of /1, .

The local truncation error of the fourth-order Runge-Kutta method is O(7”), i.c.

5
10,(,..)—0,¢,)—10(0,(,),7) < K,7°,
where K, >0 is a constant independent of 7 . Under the stability condition T/ h” <1, by the Lipschitz condition

we obtain || Q,(¢,)— 0" |I< C,T4, Vit,<T ,where C, >0 is a constant independent of 7,7 .

The global error is decomposed as: e, = Q(f,)— Q" = [Q(tn) -0,(, )] + [Qh(ln) - Qn} ,

applying the triangle inequality: || e, |[<||Q(,)—QO, () I+110,,)-0"|I< Csh4 + CIT4 , taking C, =C_,
C, = C,, yields the conclusion.

3 NUMERICAL EXPERIMENTS

3.1 Experiment 1

Consider the following one-dimensional FHN equation[13,14]

ou
- = +u(l— — ,

I 1 1
whose exact solution is u(x,?) = —+—tanh[k(x —ct)], where k = , C= . The initial condition is
2 2 22

u(x,0) = %+%tanh[2j;§j.

Define the errors E, and E_ as

1 & * .
E, z\/NZ["(xpf)—u 0]+ £, =m0 - (0],

J=1
*
where u(x ot ) and u (xj, t) are the numerical and exact solutions respectively.

In Table 1, taking 4 = 0.75, h=0.1, for different values of 7 , calculate the E2 and EOO errors from time 0.01 to
50 respectively. From Table 1, it can be seen that the errors decrease over time and with decreasing time step size. In
Table 2, for different values of 4 , taking £ =0.75, 7 = 107, calculate the E, and E, error norms and from time
0.01 to 50 respectively. From Table 2, it can be seen that the error norms decrease over time and with decreasing spatial

step size. The solution obtained by this method is shown in Figure 1, where 7 =0.1, 7 =5x 107, M are taken as
0.25,0.50, 0.75, 0.10 respectively.

Table 1 Error Norms under Different for 7, 7=0.1, £ =0.75

; r=10" r=10" =107
E, E, E, E, E, E,
0.01 2.55e-05 5.53e-05 2.56e-06 5.53e-06 3.31e-07 5.53e-07
1 4.21e-05 5.93e-05 3.52e-06 5.93e-06 3.72e-06 4.26e-06
10 1.67e-05 3.06e-05 1.70e-06 3.06e-06 4.24e-07 4.85e-07
50 1.23e-09 1.89¢-09 4.23e-10 3.93e-10 3.58e-10 3.45e-10
Table 2 Error Norms under Different for 4, =107, ;=0.75
, h=0.1 h=0.05 h=0.01
E, E, E, E, E, E,
0.01 3.31e-07 5.53e-07 2.00e-07 5.53e-07 1.25e-07 5.53e-07
1 3.72e-06 4.26e-06 7.65e-07 8.73e-07 3.60e-07 5.93e-07

Volume 7, Issue 6, Pp 44-50, 2025



Mathematical modeling and high-order finite difference methods... 49

10 4.24e-07 4.85e-07 1.79¢-07 3.06e-07 1.40e-07 3.06e-07
50 3.58e-10 3.45e-10 9.46e-11 9.03e-11 1.10e-11 1.89%¢-11

Figure 1 Numerical Solution under Different for 5, h=0.1, 7 =5x10"

4 CONCLUSION

This paper proposes a numerical solution scheme combining high-order finite difference method and fourth-order
explicit Runge-Kutta method for the one-dimensional spatial fractional FitzHugh-Nagumo model with Riesz fractional
derivative. The paper provides rigorous theoretical analysis of the stability and convergence of the numerical method,
proving that under certain conditions the scheme is stable and has fourth-order accuracy in both time and space.

Numerical experimental results show that this method exhibits good numerical performance under different fractional
orders, time step sizes, and spatial step sizes. Errors decrease significantly with decreasing step sizes, validating the
correctness of the theoretical analysis. The intuitive display of the evolution behavior of numerical solutions under
different parameters further confirms the effectiveness and reliability of this method in simulating the dynamic
processes of fractional FHN systems. This work also serves as an illustrative case in the curriculum reform project :
Restructuring and Practical Research on an Interdisciplinary PBL Course System for Mathematical Modeling Driven by
Generative Al, demonstrating how advanced computational methods can be integrated into modeling education.
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